The self-Kerr interaction is an optical nonlinearity that produces a phase shift proportional to the square of the number of photons in the field. At present, many proposals use nonlinearities to generate photon-photon interactions. For propagating fields these interactions result in undesirable features such as spectral correlation between the photons. Here, we engineer a discrete network composed of cross-Kerr interaction regions to simulate a self-Kerr medium. We compute the oneand two-photon S matrices for fields propagating in this medium. From these scattering matrices we show that our proposal leads to a high fidelity photon-photon gate. In the limit where the number of nodes in the network tends to infinity, the medium approximates a perfect self-Kerr interaction in the one-and two-photon regime.
I. INTRODUCTION
The self-Kerr effect is a photon-number-dependent nonlinearity. In a single bosonic mode, where [a, a † ] = 1, the unitary corresponding to a self-Kerr interaction with strength χ and duration t is U (t) = exp(iχta † a † aa). At the two-photon level, the transformation induced in the Fock basis is
where φ = 2χt is the phase shift acquired by the twophoton component. There are many interesting applications of such an interaction, e.g. the creation of cat states [1] , parameter estimation [2, 3] , quantum devices [4] , construction of qubits [5] , and quantum gates [6] [7] [8] . Independent of these applications, there is a long and rich theoretical history of studying the field theory of scattered photons from a spatially-extended self-Kerr medium [9] [10] [11] [12] [13] [14] [15] [16] [17] . Due to experimental advances [18, 19] , there is renewed interest in such a medium in the context of Rydberg vapors [20] [21] [22] , coupled nonlinear cavities [23] [24] [25] , and even scattering from point-like Kerr interactions [8, [26] [27] [28] [29] .
In this multimode (field-theoretic) setting, some applications could have limitations at the few photon level, as pointed out by Shapiro [30] and Gea-Banacloche [31] . One central aspect of these objections could be formalized by the cluster decomposition principle (CPD) [29, 32] . Consider the scattering of (at most) two photons off a nonlinear and spatially-localized system. In general the single-photon scattering matrix is S ω,ν = t ω δ(ω − ν), (2) * joshua.combes@gmail.com † danieljostbrod@id.uff.br indicating a frequency dependent phase shift t ω when input ν and output ω frequencies are equal. The twophoton S-matrix connecting input frequencies ν 1 and ν 2 to output frequencies ω 1 and ω 2 can be decomposed in two terms S ω1,ω2,ν1,ν2 = S 0 ω1,ω2,ν1,ν2 + iT ω1,ω2,ν1,ν2 .
The first term represents an energy-conserving process for non-interacting photons,
where t ω k is the same as in Eq. (2) , and the symmetrized delta functions are due to bosonic statistics. The second term arises from photon-photon interactions mediated by the systems in the scattering region T ω1,ω2,ν1,ν2 =C ω1,ω2,ν1,ν2 δ(
where C ω1,ω2,ν1,ν2 is a function of the denoted frequencies as well as various system parameters. The frequency constraint imposed by the delta function encodes energy conservation. A corollary of the CDP is that the T -matrix (and therefore the S-matrix) cannot [29, 32] , for a local scattering site, be of the form
However, for some applications the desired S-matrix is exactly of the above form. Specifically in optical quantum computing, the ideal S-matrix for a controlled-phase gate would be Eq. (6) with C ν1,ν2 = e iφ , where φ is the phase shift (see Eq. (15) of [29] ). Thus, it has been argued that it is impossible to construct a photon-photon interaction in a way that would lead to a high fidelity momentum-based phase gate [29] .
In this paper, we describe a physical setup that circumvents the restrictions imposed by the cluster decomposition principle. To that end we employ two tricks: (i) we use a spatially-distributed medium, and (ii) we mimic counter-propagation in one chiral mode. As the length of the medium goes to infinity we formally break the assumptions of the CDP. The effective counter-propagation allows us to avoid the spectral entanglement, which can be traced back to momentum conservation [33] .
Unfortunately, an infinitely long medium is unphysical. Thus we consider a system composed of a 1D chain of N interaction sites. Each interaction site has a cavity containing a cross-Kerr medium, see Fig. 1 and Refs. [33, 34] , and supports two modes that couple independently to left-and right-propagating fields. At the end of the 1D chain there is a mirror which feeds back the output of the last interaction site into itself, see Fig. 2 (a) . This effectively gives rise to a one-input, one-output system. The mirror mimics a counter-propagating arrangement by bouncing the chiral field back into the chain, propagating in the opposite direction. Moreover the counterpropagation can be interpreted as turning physicallylocal interactions into effectively nonlocal ones, as represented in Fig. 2 (b) . When combined, our approaches to points (i) and (ii) allow us to engineer a self-Kerr nonlinearity for at most two propagating photons with a fidelity (relative to the ideal process) that increases in the number of interaction sites.
Finally we use our multimode self-Kerr medium to construct a nonlinear sign shift gate [7] . We were motivated by the recent proposal of Nysteen et al. [8] which achieved a fidelity of F = 0.84 with two two-level emitters. Here we show we show that with three sites (which could be constructed from a total of six 3-level atoms) we get F = 0.95 and generally we can approach F = 1 as the number of sites increases.
A. Notation and conventions
In this paper, we consider an external field which couples to local physical systems in different ways, such as exemplified in Fig. 1 . We denote the input and output field operators by a in and a out , respectively. The field couples to cavity operators, which we denote by a and b satisfying [a,
, with some coupling strength √ γ. When we consider more than one physical interaction site, we denote the operators of site i as a i and b i , satisfying the obvious commutation relations. The cavities in the interaction sites have resonance frequencies ∆, and contain cross-Kerr Hamiltonians with interaction strength χ.
II. THEORETICAL BACKGROUND: INPUT-OUTPUT THEORY, CASCADING AND SLH FRAMEWORK
We use input-output theory [39, 40] to describe the interaction between a quantum system and an external field in terms of the incoming and outgoing field opera-
FIG. 1. (Color Online). (a)
An interaction between two input fields is mediated by a cavity containing a cross-Kerr medium, described by Hamiltonian Hint = χa † ab † b. The cavity decay rate is γ and the cavity Hamiltonian is ∆a † a. (b) By feeding one output mode of the cavity into the other input mode, we expect to obtain an effective self-Kerr medium. (c) A cavity with a self-Kerr medium, such that Hint = χa † aa † a, which is equivalent to Hint = χa † a † aa up to a term proportional to the number operator.
tors. As we need to model a network of connected quantum systems, we use a generalization [41, 42] of the cascaded quantum systems formalism [43, 44] . The generalization is called the "SLH" framework [45] .
The SLH formalism assigns to each site of a network an operator triple G = (S, L, H). The L operator couples the field to the local system (e.g.
√ γa is the operator that couples a single mode cavity to the continuum), while H is the local system Hamiltonian (e.g. ∆a † a). The S operators is trivial for all systems in this paper, so from now on we drop it (and refer simply to "LH" parameters). The SLH formalism then provides a set of algebraic rules to obtain the parameters for the entire network in terms of the individual sites, and subsequently the collective Heisenberg equations of motion and input-output relations.
Next we leverage the relationship between inputoutput theory and the scattering formalism [46, 47] to compute the S-matrices that describe one and two photon transport in the systems of Fig. 2 . For a detailed account on the relationship between the input-output and scattering formalisms, see Refs. [33, 40, [46] [47] [48] [49] .
The external field is described by input and output operators a in (t) and a out (t) satisfying The unit cell in Fig. 1(a) is represented differently here. Black dots represent cavity modes, while the purple dashed lines represent the cross-Kerr interaction. We enforce chirality of the fields by using circulators, which we represent by circles with arrows. By cascading N interaction sites and connecting the output of the upper chain into the input of the lower chain, we simulate counter-propagating conditions, the basis of the proposal in [33, 34] . (b) The cascading in (a) can also be seen effectively as a local implementation of a series of nonlocal interactions, similar to a spin ladder-type interaction [35] [36] [37] [38] .
We can define analogously delta-commuting frequencydomain operators a in (ω), related to a in (t) by
with an equivalent relation between a out (ω) and a out (t). We can then define the scattering eigenstates (i.e. states which are frequency eigenstates at the asymptotic past/future) as
From the scattering states we define the single-photon S-matrix:
The two-photon S-matrix can be written analogously as
Propagating photons are not single-frequency entities, they must be described by wavepackets. The final ingredient needed is to specify an input photon in some frequency-domain wave packet |1 ξ = dν ξ(ν)a † in (ν) |0 . Then we can use the S-matrices to obtain the output wavepacket as, e.g.,
, with an analogous description for two-photon transport.
III. SINGLE-SITE SELF-KERR SCATTERING
Refs. [28, 29] derived the S-matrix for one-and twophoton transport through a single-site self-Kerr medium inside a cavity. Using our notation and formalism, the system considered in [28, 29] can be described by the LH parameters:
with the cavity decay rate γ, resonance frequency ∆, and interaction strength χ. The S-matrix obtained in [28, 29] can be written as in Eqs. (2)- (5) with
and
where we defined the shorthands
This result can be written in the original notation of [28, 29] by setting χ → χ/2, γ → 2/τ , and ∆ → ω c . Next we show how a similar S matrix can be obtained via a cross-Kerr interaction supplemented by a mirror, most notably in terms of the spectral entanglement of outgoing wave packets. However, as we concatenate these interaction sites into larger networks, different behaviors will emerge.
A. From a cavity-mediated cross-Kerr interaction to a self-Kerr interaction
A cavity-mediated cross-Kerr interaction site is defined by the LH parameters
As there are two entries in the L parameter, this is a two-input and two-output system. We now consider a mirror that routes the photons from the output of port a to the input of port b, as in Fig. 3(a) . This is accomplished mathematically by using the feedback reduction rule (see rule 4 in [45] ), which lead to the new LH parameters The subscripts on L and H indicate these parameters are for a single site with one input and one output. The LH parameters give rise to the input-output relation
and corresponding equations of motion for the cavity operators [45]
These equations of motion were obtained assuming that the interaction is mediated by a cross-Kerr medium inside a cavity, but analogous equations could be obtained using atomic systems. In Fig. 4 we show two atomic realizations of our proposal. Through the rest of the paper we restrict our description to the cavity case, but the final results would be the same in all these systems as long as we consider at most two-photon scattering.
B. Single-photon S-matrix
Using Eq. (18) and the definition of the one photon S-matrix in Eq. (10), we can write
Taking the relevant matrix elements of Eq. (19a) and solving the resulting differential equation, we obtain the single-photon S-matrix
where we used the identitȳ Note that the S-matrix in Eq. (21) has the form of Eq. (2), with t ω =Γ 2 ω . Comparing with Eq. (13), we see that Eq. (21) has twice the phaseΓ ω . This is because in our system of Fig. 1(b) the photons are effectively scattered by two cavities.
C. Two-photon S-matrix
Let us now find the two-photon S matrix. In this Section we use the techniques developed in Appendix A of Ref. [33] . We begin by introducing a resolution of the identity between a out (ω 1 ) and a out (ω 2 ) in Eq. (11) . Due to photon number conservation, the identity operator on the relevant subspace is ds |s + s + |. Using Eq. (18) and Eq. (21) we write
This is similar to Eq. (A6) of [33] , except that now we have the sum of two delta functions, which is simply the manifestation of bosonic statistics. Solving the remaining part of the S matrix results in
which has the same form as Eq. (14). C ω1,ω2,ν1,ν2 encodes the interaction term of the S matrix. The Γ ν1 +Γ ν2 Γ ω1 +Γ ω2 factor is interpreted as follows. In the scattering channel where the photons interact, each must be absorbed by a different cavity mode, since this is the only source of nonlinearity by design. The photon absorbed by mode a during the interaction also picks up a linear phase at mode b, leading to theΓ ν1 +Γ ν2 factor (note the ν 1 ↔ ν 2 symmetry). Similarly, theΓ ω1 +Γ ω2 term comes from the linear phase that the other photon picks up at mode a. From here on, for simplicity of notation we indicate the ν 1 ↔ ν 2 symmetry explicitly in equations.
Combined, Sec. III A, Sec. III B, and this Section show that, at the two-photon level, a self-Kerr interaction can be simulated by a cross-Kerr interaction and a mirror.
IV. TWO-SITE SELF-KERR SCATTERING
We now extend the results of Sec. III to two interaction sites. The physical system we consider is represented in Fig. 3(b) . By the same argument that led to Eqs. (19a)-(19b), we obtain the two-site equations of motion and input-output relation:
Since from here on many calculations involved in obtaining the S-matrices are similar the procedure from sections III B to III C and Ref. [33] , we simply skip the details and focus on the interpretation of the S-matrices.
A. Single-photon S-matrix
The single-photon S-matrix for two sites is:
From this, the resulting single-photon S-matrix can be written as in Eq. (2), where
is the single-photon phase, implying four scattering events.
B. Two-photon S-matrix
Following the previous steps we write the two-photon S-matrix as
Which, together with Eqs. (24a)-(24e), leads to a two-site, two-photon S-matrix with the form of Eq. (3) where
This expression can be interpreted similarly as Eq. (23) . The nonlinearity is the sum of two contributions. The first, proportional to Γ 3 ν1 +Γ 3 ν2
The sum of phases encodes phases picked up by photons in those sites where they did not interact. One photon picks up phaseΓ 3 ω1 orΓ 3 ω2 while interacting with the cavity modes a 1 , a 2 and b 2 , while the other phase is picked up by the other photon at modes a 2 , b 2 and b 1 . Similarly, the second term corresponds to the case where photons interacted at site 2. Both photons interact with mode a 1 and b 1 , hence the phasesΓ ω1Γω2 andΓ ν1Γν2 respectively. Finally, one input photon picked up a phase from mode a 2 , and one output photon picked up a phase from mode b 2 .
This S-matrix has the interesting property of not containing terms with nonlinearities coming from more than one site. This is analogous to what was observed for counter-propagating photons interacting via cross-Kerr interaction sites [50] , as in [33, 34] . There, the fact that photons were propagating along the chain in opposite directions meant that, due to causality, they could only interact at a single site. As the number of sites increased, this was interpreted as responsible for the vanishing of spectral entanglement between output photons, and ultimately for the good performance of this system as a two-photon CPHASE gate.
For self-Kerr interactions, counter-propagating conditions are effectively mimicked by the introduction of the mirror in Fig. 3(b) . Clearly, causality precludes the photons from interacting in more than one site: when they interact at site i it is because one was absorbed into mode a i and the other into mode b i . But afterwards the photons continue to propagate in different directions, and do not meet again at another site. This suggests we have successfully emulated the counterpropagating conditions that led to the high fidelity CHPASE gate. In the unwrapped lattice [see Fig. 2(b) ], the lack of interactions at more than one site is also enforced by causality, since it translates to the impossibility of photons propagating to the opposite side of the lattice instantaneously. Let us now confirm this by analyzing this system's behavior for larger numbers of sites.
V. N -SITE SCATTERING AND THE CONTINUUM LIMIT
We now consider the scattering problem on a chain of N interaction sites, as in Fig. 2 . In Refs. [33, 34] , we formulated the N -site problem and determined the S-matrix by induction. The current problem requires a similar calculation which would be a cumbersome reapplication of the same steps from sections III to IV and those in [33, 34] . Instead, we simply conjecture a form for the N -site S-matrix, based on prior calculations and our interpretations of Eq. (23) and Eq. (27) .
A. Conjectured one and two-photon S matrices
Our conjectured form for the single-photon S matrix is
This is the immediate generalization of Eq. (21) and Eq. (26) where a photon picks up phases from each of the 2N cavity modes it couples to. Our conjecture for the two-photon S matrix is of the form of Eq. (3), with
as per Eq. (28), and
This is the natural generalization of previous results to the N -site case. It has the same nonlinear term as in Eq. (27) , which is multiplied by a summation over phases. Each term j in this summation comes from the scattering channel where photons interact at site N + 1 − j, and the summand correspond to the linear phases picked up in those sites where the photons did not interact. As an additional check that this expression is sensible, one can easily re-obtain Eq. (23) and Eq. (27) for the N = 1 and N = 2 cases respectively. By using the identity
(31)
B. Continuum limit
From the conjectured form of the S-matrix in Eq. (31) we can also look at the behavior of our system at the N → ∞ limit. We begin by rewriting the interference term
where we defined φ i such thatΓ ωiΓνi = e 2iφi for i = 1, 2 (note from definition thatΓ ω is simply a phase). Now we make two crucial assumptions: first, that wave packets are spectrally narrow, and second that they are onresonance with the cavities, such that all relevant frequencies are sufficiently concentrated around ∆. This allows us to write
for i = {1, 2}. This, together with the fact that lim N →∞ sin N x/x = πδ(x), leads to
The same reasoning holds for the term where the roles of ν 1 and ν 2 are reversed. By using the approximation above and
we rewrite the S matrix as
From this we see that the S-matrix (and T-matrix) has reduced to the form of (6). Thus, our previous intuition is manifest: for very long chains the spectral entanglement vanishes, and we approximately circumvent the restriction imposed by the CDP. This is the self-Kerr analogue of the result of [33, 34] , and is equal (up to a redefinition of χ) to Eq. (66) of [33] . The only difference is in symmetrization with respect to exchange of ν 1 and ν 2 . Physically, this term originates from bosonic statistic, since here the photons are identical, whereas in [33] they could be distinguished by the chiral modes in which they propagated. In any case, the effective counter-propagation leads to momentum and energy conservation becoming independent conditions, thus removing spectral entanglement.
An S-matrix equivalent to the ideal two-photon selfKerr effect can be obtained if we further simplify Eq. (35) by making the approximation Γ ω ≈ γ/2, in which case the term in the square brackets becomes the phase
which should be compared with C ν1,ν2 from Eq. (6). In the χ → ∞ limit Φ(χ, γ) = π so that
This S-matrix indicates that, up to bosonic statistics and linear phase effects, the two-photon wavepacket simply acquires a π phase, as desired.
VI. APPLICATION TO TWO-QUBIT GATES
In this Section we discuss the application of our results to quantum computing. Many of the original proposals for photon-photon gates were based on cross-Kerr nonlinearities [51, 52] , see Fig. 5(a) . However, by using a beamsplitter and taking advantage of the Hong-OuMandel effect we can construct a photon-photon gate out of two self-Kerr nonlinearities [7, 8] , as in Fig. 5(b) .
We have shown that the S-matrix in Eq. (31) reduces to the ideal two-photon self-Kerr S-matrix in the limit of long chains (N → ∞), very large χ and spectrally narrow on-resonance wave packets. But we can also ask how the chain of Fig. 2 performs for finite N , to gauge whether this proposal could be applicable in practice.
To that end, let us compare Eq. (31) with the equivalent C ω1,ω2,ν1,ν2 obtained from Eq. (60) of Ref. [33] , the result for the N -site cross-Kerr setup which we write as (redefining χ by a factor of 2 to simplify comparison)
Up to the symmetrization on the ν's, the interaction term in the self-Kerr S-matrix of Eq. (31) for N sites corresponds exactly to the interaction term in the cross-Kerr S-matrix of [33] for 2N sites. The fact that the self-Kerr S-matrix matches the crossKerr S-matrix with twice the number of sites can be easily understood. In our proposals, the S matrix shows that photons actually acquire a large phase shift from a single site (in contrast with, e.g. [53] , where many sites are required to build up the phase shift). The N → ∞ limit is necessary for two reasons [33, 34] . First, to increase the amplitude that photons interact in at least one site. Second, to remove spectral entanglement by interference of different frequency components. In this sense, the chain in Fig. 2 is equivalent to a chain with twice as many sites as that of [33, 34] , since photons effectively transverse 2N sites in a round trip inside the chain (even though there are only N couplings between right and left propagating modes).
This does not mean that the setup of Fig. 2 is twice as efficient as the analogous cross-Kerr one for specific tasks. To see why, consider the standard way to construct a CPHASE gate using these interactions, as in Fig. 5 .
Let qubits be encoded in a standard dual-rail encoding, i.e. qubit computational states are |0 L = |01 and |1 L = |10 , corresponding to a photon that can be in one of two modes (spatial, polarization, or frequency). An arbitrary single-qubit unitary on this encoding can be achieved with beam splitters and phase shifters. The twoqubit gate we target is the controlled-phase or CPHASE gate. A CPHASE can be achieved with the following . Three CPHASE gates using Kerr nonlinearities and dual-rail encoding [7] . For simplicity, we chose the encoding such that the |1 Q1 and |1 Q2 logical states are given by the |01 12 and |10 34 physical states respectively. (a) A cross-Kerr interaction applied to one mode of each qubit (first proposed in [51, 52] ). (b) Two modes pass through a balanced beam splitter. Whenever both are occupied with a single photon the photons exit together, and are routed to two parallel nonlinear sign-shift gates [7, 8] , which can be implemented using our self-Kerr construction. (c) By using half-wave plates (HWP) and polarizing beam splitters (PBS), we can store the dual-rail encoding temporarily in the photon polarization, enabling the gate with a single self-Kerr interaction. Of course, under the caveat that the interaction must be fully polarization-independent.
transformation in the physical basis
when φ = π we have the usual controlled-Z gate.
It is easy to see that an ideal cross-Kerr interaction between one mode from each qubit, as in Fig. 5(a) , directly implements a CPHASE gate. The standard way [7, 8] to implement the same gate using a self-Kerr interaction is shown in Fig. 5(b) . The Hong-Ou-Mandel effect transforms a |11 state into a superposition of |02 and |20 . We route this state to two parallel self-Kerr interactions to apply a π phase, and finally use a second beamsplitter to recover a − |11 state. We can now replace the each ideal interaction in Fig. 5 by an N -site chain of either cross-Kerr [33, 34] or self-Kerr (Fig. 2) interactions. Since the S-matrices are essentially identical, the self-Kerr chain attains the same gate quality (measured in terms of the average gate fidelity) as a cross-Kerr chain with twice the number of sites.
The similarity between the self-Kerr and cross-Kerr Smatrices already implies a connection between fidelities of any task performed with the present proposal and that of [33, 34] , as outlined above. For completeness, in appendix A we describe how these fidelities can be computed from the reported S-matrices. From these numerical calculations we conclude that, assuming the input photons to be Gaussian wavepackets and our goal to be a CPHASE gate with a π phase shift, the best average gate fidelities obtained with our self-Kerr proposal are 90%, 99% and 99.9% using chains of 2 × 3, 2 × 6 and 2 × 25 sites, respectively. As the number of sites increases, the input wavepacket that maximizes the fidelity becomes narrower. We can fit the best achievable fidelity F (σ opt , N ) and the corresponding optimal wave packet width σ opt (N ) to see how they scale as N increases, obtaining [34] :
Interestingly, if the interaction sites are polarizationindependent, we can reduce the number of sites required by the self-Kerr chain by half. This is depicted in Fig. 5(c) . By using a half-wave plate and a polarizing beam splitter we can map the |02 + |20 state e.g. into a |HH + |V V state. As long as the medium acts identically on both polarization states, a single self-Kerr chain can induce a π phase on both polarization sectors at once. This would reduce the required number of sites for 90%, 99% and 99.9% fidelities to 3, 6 and 25, respectively, at the cost of more stringent constraints on the interaction sites.
On the other hand, if the desired task [1] [2] [3] requires implementing the self-Kerr transformation on a propagating mode, our new proposal might be more efficient. Furthermore, the observation that the self-Kerr chain only contains N actual points of interaction, but that interference effects happens as if there were 2N sites, helps to elucidate the role of interference in obtaining a high-fidelity approximation in the N → ∞ limit. For example, it raises the question of whether there is a different geometrical arrangement of interactions (see e.g. [54] ) that maximizes interference effects while minimizing the number of actual nonlinearities. This would be beneficial in practice since the latter are more technologically demanding.
VII. CONCLUSIONS
In this paper, we showed how to construct a microscopic model for a medium that approximates the behaviour of a self-Kerr medium in the one-and two-photon regime. The main idea is to use a mirror at the end of a chain of cross-Kerr sites to simulate counterpropagation for two photons that propagate in the same mode, allowing us to draw from intuition developed in previous work [33, 34] . We also discuss how our proposal satisfies the cluster decomposition principle for any finite size (i.e. finite number of interaction sites), but more importantly we also show how one can get arbitrarily close to violating the CDP as the length of chain increases.
One possible application of this proposal is in the construction of a photonic two-qubit CPHASE gate. We conclude that our proposal can achieve high fidelities (e.g. 99%) with a modest number of interaction sites (12) . The resource count of our self-Kerr proposal seems to be exactly the same as the cross-Kerr construction of [34] , although the self-Kerr proposal might be more flexible under particular circumstances.
With respect to quantum computing applications the main open question is whether the insight on the role of interference discussed in Sec. VI can be leveraged to propose even more efficient constructions. In our self-Kerr proposal the interference effects in the S-matrix accumulate twice as fast as in our cross-Kerr proposal, for the same number of sites. It is these interference effects that are responsible for the decay of spectral entanglement as the size of the chain increases. Therefore, one can imagine a more complex situation where photons traverse an N -site chain many times (or using a different interaction network), building up the interference effects faster. The intuition developed here suggests such a proposal might lead e.g. to a more efficient CPHASE gate (with respect to number of interaction sites). Other natural open questions include, for example, the analysis of the effect of experimental imperfections such as thermal noise and losses [55] , or the calculation of S matrices for larger number of photons.
One fundamental and open question for nonlinear quantum optics is to relate the two-photon S-matrix we derived to an effective field-field interaction inside some dielectric. For example, much of the older quantum optics literature [9-11, 16, 17] considers fields that interact directly via some Hamiltonian of the type χ dx dyV (x − y)φ † (x)φ † (y)φ(y)φ(x) (40) where φ † (x) and φ(x) are field operators, and V (x − y) is a potential, e.g. V (x − y) = δ(x − y). In contrast, our work explicitly models the matter that mediates the field-field interactions. It would be interesting to see if the S matrices were reported here could be converted into an effective field-field interaction Hamiltonian [56] .
Upon completion of this work we became aware of recent work by Cohen and Mølmer [57] which considers a similar physical system. Their final goal is in a sense the inverse of ours: their qubits are encoded in the chain sites (each including a qubit encoded in a three-level atom), and the field is used to mediate the two-qubit gates. In our proposal, the qubits are encoded in the photons and the chain of atoms acts as the interaction mediator. where the integration is over the two-qubit Haar measure, and S id (φ) and S act are the desired S-matrix and the one that describes our system, respectively. Following the arguments in [34] , we choose to ignore the single-photon deformation, as there are error-correction techniques that allow us to circumvent it. Concretely, this means our ideal S-matrix S id (φ) is of the form (6), but with C ν1,ν2 = e iφΓ2N ν1Γ 2N ν2 rather than simply C ν1,ν2 = e iφ . By using the fact that we ignore single-photon deformation and that our operation conserves photon number, we can show that Eq. (A2) reduces simply to F (φ) = 1 10 6 + 3Re(e iφ F) + |F| 2 ,
where F is the overlap between the output single-and two-photon output wave packets:
out (ν 1 )ξ
out (ν 1 , ν 2 )dν 1 dν 2 .
From this expression we performed numerical integrations for different numbers of sites and photon bandwidths, and obtained the fidelities reported in the main text. By computing fidelities for N = 4 . . . 20 we were able to fit the expected asymptotic behavior of these quantities reported in Eq. (39) .
